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By CharlesW.MathewsandMaxC.Kurbjun,

suMMARY .

A simplifiedanalysis.ha;beenmadeofthefactorsaffectingthe
lossinliftandtheshiftinaerodmamiccenterofa sweptwingdue
to itsdistortionunderaerodynamicload.Themannerinwhichthese
particularaeroelasticeffectsinfluencethelongitudinalstabilityof
anairplanehasbeenconsidered.

Theresultsshowthatlargevariationsintheaeroelasticeffects
associatedwithwingbendingareproducedby changesinaspectratio,
sweepangle,andthicknessratio.Thesevariationsare,ingeneral,
largerthanthoseproducedinwing-bendingstressandwiththethick-
nessratiosbeingcontemplatedtodayrestricttheaspectratioto low
valuesforlargesinglesof,sweepand,conversely,restrictthesweep
anglesto lowvaluesforlsxgeaspectratios.Expressionsobtained
fortheratioofangle-of-attackchangeduetowingtorsiontoangle-
of-attackchangeduetowingbendingshowthattorsioneffectstendto
alleviatetheeffectsofbending,buttheangle-of-attackchangesdue
totorsionaremuchsmallerthanthoseduetobendingexceptforwings
withlowvaluesofsweep,&spectratio,or,inparticular,a combina-
tionofthetwo. Decreasingtheplan-formtaperratio-isanother
meansforextendingthecombinationsof sweepandaspectratiowithout
an increaseinwingstructuralweight.Whenaeroelasticconsiderations
me important,a morerapidincreaseinthestructuralweightofwings
withincreaseinairplanesizeappesrsto occurthanfordesignsbased
on stressalone.Thechoiceof steelorduraluminasa structural
materialisnotsignificantinsofarasaeroelasticconsiderationsare
concerned.

Somealleviationofaeroelasticeffectsoccursinmaneuversbecause
oftheinertiaofthewing. Inaddition,theeffectofthewing-
aerodynamic-centershiftonthe’longitudinalstabilityofanairplane
witha horizontaltailmaybe alleviatedto someextentby thecom-
pensatingeffectofthewingloss-inliftprovidedthepercentage
reductioninwing-lift-curveslopeisgreaterthanthatofthetail-
lift-curveslope. 1
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2 NACATN2901

INTRODUCTION
.

Oneoftheprimaryobjectivesinairplanedesignistheattainment
of efficienthigh-speedperformance.Thisobjective,however,mustbe
compromisedinordertomeetotherrequirementssuchassatisfactory
stabilityandcontrolcharacteristicsandstructuralintegrity.h
recentyearsthetrendhasbeentowardtheuseof sweptwingsasa means
forobtainingefficientperformanceattransonicspeeds,buttheuseof
sweptwingshasintroduceda structuraldesignproblemnotinherentin
unsweptwings.Thisstructuraldesignproblemisa consequenceofthe
necessityforrestrictingthechangesinlongitudinalstabilityofa
swept-wingairplanecausedby thewingbendingunderload.

Theimportanceofthisaeroelasticphenomenonhasbeenrecognized
forsometime,andseveralinvestigatorshavedevelopedmoreorless
refinedmethodsforanalysisofwingelasticdistortionsandtheir
effects.(Forexamples,seerefs.1 to h.) Morespecificevidenceas
totheinfluenceofwingexternalgeometry(inconjunctionwithflight
condition)onthisflexibility-longitudinal-stabilityproblemwould
appeartobe of interesttotheaerodynamicist,however,sothathe
canobtainroughindicationsastowhichwingplanformswouldbe
practicalfromaeroelastic‘considerations.Accordingly,a simplified
analysishasbeenmadeofthefactorsaffectingthelossinliftand
theshiftinaerodynamiccenterofa sweptwingcausedby itsdistor-
tionunderload.A shelltypeofwingstructureisassuredandthe
methodofanalysisobtains&ect algebraicsolutionsfortheextreme-
fiberstressandtheaeroelasticeffectsintermsofthewingstructural
weightandmaterial,itsexternalgeometry,andtheflightcondition
underwhichitoperates.Initiallyjtheeffectsofwingbendingalone
areconsideredandtheeffectsoftorsionareincludedsubsequently
throughdeterminationoftheratioofangle-of-attackchangesresulting
fromwingtorsiontothoseresultingfromwingbending.Thesolutions
arepresentedintheformofparametricchartswhich,inturn,areused
to calculatespecificexamplesillustratingeffectsproducedby such
factorsasaspectratio,thicknessratio,taperratio,sweepangle,
airspeed,altitude,materialdensity,andstiffness.

Becauseofthesimplificationsinvolvedintheanalysis,theresults
aretobe consideredchieflyqualitativeinnatureandareintendedto
be ofuseprimarilyinselectingpracticalwingsforresesrchprograms
or inotherinstanceswheretheweighingofaeroelasticeffectsinthe
determinationofpracticalrangesforwingparametersisdesirable.
Quantitativeevaluationoftheeffectsof changesinwinggeometry,
however,arebelievedto beprovidedbytheresultsandabsolutevalues
oftheaeroelasticcharacteristicsofa wingmaybe obtainedifthe
aeroelasticcharacteristicsofa relatedpracticalwingareknownand
thiswingisusedasa basisforcomparison.

—— .. . . —. -— -—. —— ——.— — .. —. —..—.
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SYMBOLS
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as

ao

a

A

c

c’

.
-, F

d

e

E

-. . ..- .-. .—

areaofsolidairfoilsection
elasticaxis,sqft

)

measuredperpendicular

nondimensionalareaof solidairfoilsectionmeasured
perpendicularto elasticaxis, as/T’(c’)2

to

cross-sectionalareaof skinofassumedhollowairfoilsec-
tionmeasuredperpendicularto elasticaxis, 2~T’r(c’)2,
Sqft

areaericlosedbymeanlineofskinofairfoilsection
measuredperpendicularto elasticaxis,sqft

aspectratio,(2s)2/s

chordof sweptwingindirectionoffreestream,ft

chordoftransformedwingperpendicularto elastic
axis, c Cos7,ft

meanaerodynamicchordofsweptwingindirectionoffree
stream,ft

t

wingliftcoefficient,L/qS

incrementalliftcoefficientduetowingbending,a/qs

incrementalpitcl+ng-momentcoefficientaboutaerodynamic
centerofrigidwingduetowingbending,m/qE

streamwisedistancefromaerodynamiccenterofa given
spanwisesectionto aerodynmnic,centerofrigidwing,ft

distancefromcenterofpressureofairfoilsectionto
elasticaxis,percentof chord

Young’smodulusofelasticityofwingstructuralmaterial,
lb/sqft

gravitationalacceleration,ft/sec2

torsionalmodulusofrigidityof.wingstructuralmaterial,.
lb/sqft

—- — ...-——. .- . . . . . ...
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bendingmomentofinertiaofsolidairfoilsectionmeasured
perpendicularto elasticaxis,ftk

nondimensionalmomentofinertiaofsolidairfoilsection
measuredperpendicul~to elasticaxis, Is/(T’)3(c’)4

momentofinertiaofassumedhollowairfoilsectionmeasured

perpendicularto elasticaxis, Io(T’)3(c’)4~- (1- 2r)~,
ftk

torsionalmomentofinertiaofhollowairfoisection
measuredperpendicularto elasticaxis,ftt

chordwiselocationontransformedwingoffrontshearweb
fromleadingedgeandofreershearwebfromtrailing
edge,fractionofchord

proportionalityconstantrelatedto spanwisedistribution
ofloadingoverwing

taillength,streamwise
staticstabilitywith
centerofpressureof

winglift,lb

incrementalliftdueto

moment,ft-lb

distancebetween
respectto angle
horizontaltail,

w.hgbending,lb

pointforneutral
of attackand ‘
ft

incrementalpitchingmoment,producedaboutaerodynamic
centerofrigidwing,due-towingbending,ft-lb

normalacceleration,g units

_*ude ofwifotiY distributedload,lb/sqft
.

dynamicpressure,pV2/2,lb/sqft

ratioofwing-skinthicknessto airfoil-sectionthickness
(assumedconstantalongchord)

semispemofsweptwing,ft

semispanoftr+sformedwing, s/cos7,ft

wingarea,sqft

. .

t
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tailarea,sqft

airfoilskinthickness,ft

ratioofairfoil-sectionmaxiqumthicknessto chord
measuredindirectionoffreestream

ratio”ofairfoil-sectionmaximumthicknessto chord
measuredperpendicula33to elasticaxis,T/cos7

airspeed,ft/sec

weightdensity

airplanegross

ofwingstructuralmaterial,lb/cuft

weight,lb

wingst~cturalweight,lb

wingtotalweight,lb

chordwisestationontransformedwingmeasuredfrom
leadingedge,positivefo?3mrd,ft

streams.riselocationofaerodynamiccentermeasuredfrom
leadingedgeofmeanaerodynamicchord,positive
forwadj:t .-

,shiftinwing‘aerodynamic-centerlocationduetowing
bending,positiveforwsrd,ft

streamwiselocationof center-of-gravityposition’for
neutralstaticstabilitywithr&pect-t~angleof a%ck
measuredfromleadingedgeofmeanaerodynamicchord,
positiveforward,ft

()Xcp~ centerofpressureof lossinliftduetowingbending,
measuredfromleadingedgeofmeanaerodynamicchord,
positiveforward,ft

Y spanwisestationonsweptwing(seefig.1),ft’

Y’ spanwisestationontransformedwing(seefig.1)
y/cosy,ft

7- spanwiselocationofmeanaerodynamicchordofswept
wing(seefig.1),ft

.,
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A

E

P

a

T

dz’/dy’

de/da

Ck -

( 4
c

B

fl(k,T )

f2(~,T )

fs(h)

angleofattack,radians

NACATN 2gol

changeinlocalar@e ofattackdueto aeroelastic
distortion,radians

angleofsweepofelasticaxis,deg

localtorsionaldeflectionofchordoftransformedwing
relativetorootchord,radians

plan-formtaperratio,ratiooftipchordto rootchord

ang3eof sweepofaxiswhichisassumedto containaerodynamic
centersofallsectionsalongspan,deg

floatingspanwisecoordinateontransformedwing
(seefig.1),ft

airdensity,slugs/cuft

wingstressinextremefiber,lb/sqft

taperratioof”thiclsnessratio,‘tiplTroot

slopeofelasticsxismeasuredinplaneperpendicular
to chordplaneofwing

variationofaverageangleofdo~mwashattailwithangle
ofattack,perradian

variationofliftcoefficientwithangleofat~ack,
perradian

variationofliftcoefficientwithangleofattack
associatedwithangle-of-attackchangesduetowing
bending,perradian

functionoftaperratiorelatedto incrementallift
psrsmeter

functionoftaperratiorelatedto incrementalmomentpsrameter

41+X+X2functionoftaperratiodefinedby –
3 (1+ A)2

.
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Subscripts:

7

,. Y

Y’

‘5

r

wb

w

t

B

T

R

F

i

a

av

1

2

spanwisestationy

spanwisestationy’

spanwisecoordinate~

wingroot

wing-bodycombination

wing

tail

bending

torsion

rigidwing

flexiblewing

inertia

aerodynamic

average

firstextremeloadingcondition(seeappendix)

secondextremeloadingcondition(-seeappendix)

ASSUMPTIONSANDLIMITATIONSOFANALYSIS

Becauseapplicationofrefinedmethodsofaeroelasticanalysis
wouldbe extremelylaboriouswhenappliedtothedeterminationofthe
effectsofwidevariationsinwingexternalgeometry,themethodout-
linedhereinforanalysisoftheeffectofwingdistortiononlongi-
tudinalstabilityinvolvessimplifyingassumptionsandlimitations.
Althoughthesesimplificationspreventtheattainmentofprecisequan-
titativeconclusions,theobjectiveof qualitativelyindicatingprac-
ticalrangesforvariousdesignparametersisbelievedtobe attained.
Furtherjustificationforthesimplificationsderivesfromthefact
thatmanyof theparametersnecesssryfora morerefinedanalysishave

.
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notbeenandpossiblycannotbe accuratelydeterminedinthetransonic
speedrange.

Thepresentanalysisappliesto shell-wingstructures(thatis,
theloadistakenprimarilyintheskin)inwhichthechordwisevaria-
tionofskinthiclmessisproportionaltothelocalairfoil-section
thickness,andthespanwisevsriationinskinthicknessisofa chaq-
actertogivea constantspanwisestressintheetiremefiberundera
uniformlydistributedloading.Thisstructurewaschosenforeasein
computationand,althoughnota typicalpracticalcase,representsan
efficientstructurebecausethestructuralmaterialisconcentratedfar
fromtheelasticaxis.Theairfoilshapeis arbitrary.

Initially,inthepresentanalysis,theeffectsofwingbending
aloneareconsideredand,ingeneral,theresultswhicharepresented
wereobtainedforthiscase.Theeffectsoftorsionareincludedby
subsequentcalculationsoftheratioofangle-of-attackchanges
resultingfromtorsio~tothoseresultingfrombending;theseratios
canbe usedto applycorrectionsto theresultsobtainedthroughcon-
siderationofbendingalone.Theeffectsofthecaniberproducedby
bothtorsionandbendingwereneglectedastheseeffectsarerelatively
small.

Inertialoadingsarenotconsideredintheanalyticaldevelopment
and,therefore,theresultsapplyonlytoairplaneswhichhavea large
percentageoftheirgrossweightconcentratednearthemidspan.The
alleviatingeffectsofwingweightareconsideredbrieflyinthesec-
tionentitled“ResultsandDiscussion.”

Inorderto’computebendingdeflectionsundera givenload(or
stress),thesweptwingsweretransformedtounsweptwingsasshown
infigure1. Thistransformationisnotexactforthecaseofwings
havingtaperedplanforms;however,theerrorissmallexceptforcom-
binationsoflowplan-formtaperratioandlowaspectratio.Theroot
restraintforthetransformedwingdoesnotrepresentexactlythecon-
ditionsforanactualsweptwingbecausea streamwisetwistdueto
bendingwhichoccursneartherootofa sweptwingdoesnotoccurfor
thetransformedwing.An analysisbasedontheassumedrootrestraint
isbelievedadequateforthefollowingreasons:

(1)Formanycombinationsofaspectratioandsweep,theroottwist I
issmallcompsredtotheangle-of-attackchangesduetobending.

(2)Thereisa widevariationintheroot-restraintconditionsin I
actualairplsae”designs.

.

(3)Someexpertientalevidenceexistswhichindicatesthatthe
bendingdeflectionsobtainedforthetransfo?nnedwingcloselyapproximate

o

— —— — —— — -— - .————-— ——
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thoseforthe
usedherein.

Inasmuch

9

sweptwingwhentheeffectiverootischose,ninthemanner

asa directalgebraicsolutionfortheaeroelasticeffects
consideredhereinwasdesired,itwasnecessaryto expressthespanwise
loaddistributionresponsibleforthedistortioninalgebraicform.
Thefeasibilityofsucha procedurewasthereforeinvestigated,andthe
resultsarepresentedintheappendix.Theseresultsindicatethatthe
bendingdistortionofa wingsupportinga giventotalloadisfairly
inse~itivetotheassumedformofthespanyiseloading;infact,the
loadshapeswhichresultinapproximatelythesamedistortionaresuf- .
ficientlybroadto encompasstheloadingstobe expectedonwings
operatingatwidelydifferingflightconditio~andhavingwidelydiffering
geometricparameterssuchasaspectratio,sweepbackangle,andtaper
rat;o,aswellasfairlylargedifferencesindegreeofflexibility.

Onthebasisoftheresultspresentedintheappenti~me ofa .
representativeaveragetypeofspanwiseloaddistributionforpurposes
of computingtheangle-of-attackchangesresultingfrombendingdeflec-
tionsappesrsto haveat leastlimitedapplication.Theappendixalso
indicatesthata uniformlydistri%ut~daerodynamicloadingmeetsthe
requirementsofa representativeaveragetype,anda uniformloadmodified
by a tipcorrectionwasassumedforuseincomputingtheangle-of-attack
changes.Sincetheprocedureusedhereinforexaminingaeroelasticeffects
primarilyrequiresa tiowledge”ofthedifferencebetweentheloadingon
therigidandflexiblewingsandsincethisdifferencewasdetermined
directlyfromtheangle-of-attackchangesduetothebendingdeflections,
theexactdetailsoftheabsoluteloadingson eithertherigidorflexible
wingwerenotconsidered.Themagnitudeoftheassumeduniformloading
wasdeterminedby theoperatingliftcoefficientofthedistortedwing.
Thisapproachdiffersfromthefirststepintheusualiterativeor
relaxationprocedures(seeref.2,forexample),whereintheloadonthe
undistortedwingisusedto computean initialestimationofthedistor-
tion.Thepresentapproachaffordsa moreaccurateestimationofthe
distortionthanis obtainedfromthisfirstiterativestepinthatthe
_tude oftheloafiu=s~ed iScorrectandonlyitsdistributionis
somewhatarbitrary.Theangle-of-attackchangesassociatedwiththe
assumedloadingwereusedto establishthedifferencein loadbetweenthe
rigidandflexiblewingsatanygivensectionby assumingtuatthisdiffer-
encewasproportionaltotheproductofthechangeinlocalangleofattack
andthelift-curveslopeofthe’rigidwing.

METHODOFANALYSIS
.

Effectsofwingbending.-Themethodofanalysisinvolvesrelating
thewingstress
bending,and/or
wingstructural

per g normalacceleration,thelossinwingliftdueto
thewingaerodynamic-centershiftduetobendingtothe
weight(theserelationsbeinga functionofthewing

.—.——. .—_.-— ——_ .._.-.__ ..—.—- — — .—-— ___ ..—--- ..- . —. —-. - —-
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externalgeometry,structuralmaterial,andtheflightcondition).For
thetransformedwing(seefig.1),thestressatanyspanwisestationis
approximatedby theusualformula:

where

E 1

,.

c’=C’r -(l- A)$

[
T’ =T’r 1

1
- (1- T)%

I = Io(T’)3(c’)4(6r- 12r2+8r3)

(1)

~ .Jg’ pC’ $-y’) d?
Y’

[ 1
CIE=c’rl -(l-x)&

St
As maybe seenfromtheforegoingexpressionforthicknessratio,taper
inthicknessratiowasassumedto havea linesrvariationalongthespan.

Performanceofthe@dicatedsubstitutionsinequation(1)together
withthefollowingrelations

resultsinan expression
nondimensionalgeometric

1-

-.
:1

“P’r

=A(l+.k)
4TrCOS ~

Zzcav“
Tr=—

l+T

p=+
s

whichrelates
parametersof

thewingstressandloadingto
thewing

L(1-1- ](h): 36r-12r2+&3)~-(1--r)~2
128

(1+ T)2(1 + k)2 1+2).
6 - %++ 3:)2 - %($)3

(2)
,1

,.

,
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Fora gi~envalueoftheleft-handmember,hereinafterreferred,to as
the“stressparameter,” andforgiventaperratios,equation(2)deter-
minesthespanwisevsriationoftheratioofskinthicknessto local
airfoil-sectionthiclmess.Typicalvariationsofa parameterpropor-
tionalto skinthicknessarepresentedinfigure2 forvariousplan-
formandthicknesstaperratios.Thecomparisonappliestowingshaving
thesamearea,sweep,aspectratio,andaveragesectionthiclmessand
havingthesameextreme-fiberstressundera givenuniformloading.
Whenthevariationof skinthicknessalongthespanisknown,thewing
structuralweightfora givenstructuralmaterialcanbe determinedfrom
therelation

Js’

W=2W a dy’ (3)
o

where

a = 2aoT’(c’)2r

with
Performanceoftheindicatedsubstitutioninequation(3)together
thefollowingrelation

2rr r~3
S’(c’r)%’r=

(1+X)2 T

resultsinan expressionforwingstructuralweightas‘afunctionofthe
variationofskinthicknessalongthespan

(4)

Theleft-handmemberofequation(4)is hereinafterreferred.toasthe
“weightparameter.”Variationsalongthespanofa psrameterpropor-
tionalto incrementalwingweightareshowninfigure3 forvariousplan-
formandthicknesstaperratios.Thesewing-weightvariationscorre-
spondtotheskin-thicknessvariationsoffigure2.

Equations(2)and(4)canbe combinedgraphicallysothatan&alua-
tionoftheweightpsrameterasa functionofthestressparameterfor

.

. . —.— ... . ._ .. ..-——.Z _ ._____ ___ _ ---- __ _ —-----.....-—-._____ __



12 NACATN 2901

variousvaluesofthetaperratiosX and T canbemade.Thisrela-
tionshipmayhe expressedas

w @/2
=

~3/2waoTav
(5)

Therelationshipbetweenthesetwoparametersisshowninfigure4 for
variousvaluesofthetaperratiosh and T.

Fortheassumedwingstructureandwithinthelimitationsofthis
analysis,thecurvesoffigure4 canbe usedtodeterminethewing
structuralweightfora givenstressper g normalaccelerationpro-
videdthelring struchral material,wingexternalgeometry,andthe
airplanewingloadingwe known.Conversely,ifthewingstructural
weightisspecified,thecorrespondingstressper g normalaccelera-
tionmaybe determined.

Thestressparametercaneasilybe convertedtoparametricexpres-
I@@

sionsfortheaeroelasticeffectsconsideredherein.Theratio
a/n

whichappearsinthestressparameter(seeeq.2)canbewrittenin
termsofthelossinwingliftorthewingaerodynamic-centershiftdue
tobendingby evaluatingtheangle-of-attackchangesalongthespan
resultingfromthebendingandthenintegratingtheincrementalloss
in liftateachsectionandtheassociatedincrementalpitchingmoments
thatarethusproducedabouttheaerodynamiccenteroftherigidwing.

As statedintheforegoingdevelopment,thespanwisevariations
inskinthiclmessandwingstructuralweightwerechosensothata
constantspanwisestresswouldoccurintheextremefiberundera uni-
formlydistributedload.Withthistypeofskin-thicknessdistribution
thestressalongthespanunderanactualloadingwouldbe expectedto
be reasonablyconstantexceptinthevicinityofthetipwherea gradual
decreasein stresswouldoccurdueinperttotheusualdecreasein
loadingasthetipisapproached.Inaddition,thestipulationofa
constantstressouttothetipunderanyloadingdictatesthattheskin
thicknessgoto zeroatthetip. At leasta smallfiniteskinthickness
wouldexistatthetipforthepracticalcaseand,althoughsucha modi-
ficationwouldnotsignificantlyaffectthewingstticturalweightcal-
culatedby theprecedingmethod,itwouldresultina decreaseinstress
to zeroasthewingtipisapproached.Inorderto accountforthese
factorsinthecomputationsofthechangeinangleofattackduetowing
bending,thewingstresswasassumedconstantto 0.8semispanbutwas
assumedtohavea linearvariationfrom0.8semispanto zeroatthetip.

m

.
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When
alongthe

theseassumptionsareapplied,theangle-of-attackchange
spanmaybe obtainedfromthefollowingrelations:

%=-$ sin7

and

d= 1 JY’ 2UY, 2s‘
.J

y’/B’ayl
-. —dy’ =— &_
dy’ o ETtc! Eo— c’T’ S’”. .

For O <~< 0.8,
s’

and

/

dz‘ 2(JS‘ ry’/s’
—=
dy‘

Integrationof
andsubsequent

ET’rctrJo

thepreceding
rearrangement

1

(6)

expression,substitutionint~equation(6),
oftheresultsyields

, For 0.8< $< 1.0,
,

U1
Y (5CS1 Y’)—s’

---- . ..-. .—. .—.—.--. —.... ..—.- —--——-—- -..-.—— —- ...—.— ——-—- -— ——— -——- —-—- -—- ----—- —
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dz’ 2USr

[

J

0.8 1—= d<+
dy’ ET’rc’r o

[ 1[. 1h(h T)dh(hk)~ s
s’

Jy’ /s ‘
5

1 d~-
0.8

[ 3[ 3
1-(1 -T)L1-(1-X)L 6

s’ s’

1

Jy’/s’

5
y’ /s ‘ d%

0.8
[ 1[ dl-(hT)~h(h~)~

Integrationoftheprecedingexpression,thensubstitutionintoequa-
tion(6),andsubsequentrearrangementgives

‘B~av .l+T1+X

CAtany 4 T-x

(4+-2-)

1
(1-x): -

{( )4+ 5~ lofj~-0.8(1 -T]-
T-

( J-)1+lw~-o.8(1- A]+ 5+

(5++) lo.~- (1-.1;1} (P)

%BmavTheparameter isplottedinfigure5 forvariousplan-
UAtan7

formandthicknesstaperratios.Thisparametergivesthevariation
alongthespanofthechangeinangleofattackproducedbywing
bending.A pointworthnotingisthatthecomparisonofplan-formand
thicknesstaperratiosshowninfigure5 isforwingshavingthesame
stressratherthanthesamestructuralweight.Onthisbasis,thewings

—— . . — — -———.— . .. . ..—-. —— . ..- . . .
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.
becomeprogressivelylighterastheplan-formorthethicknesstaper
ratioisdecreased.

Theincrementalliftassociatedwiththeangle-of-attackchanges
duetobendingmaybewritteninthefollowingform:

*= “s~’””klk‘c d:.

(La)Thelift-curveslope C
B

duetobendingisassumedto
therigidwingintheregion

associatedwithangle-of-attackchanges

be thesameasthelift-curveslopefor
O< ~< 0.8 buthasa parabolicvaria-

tionto zeroatthetipintheregion0.8< $<’1.0 inorderto
accountfortheusualdecreaseinliftasthetipisapproached.

For 0<5 <0.8,

MB=(Q

For 0.8<~<1.0,

(%)3=X%)J: -w’ -~

.

. ... . . . .... ..— —--—- -—-——— —— —--———————-— _._—— —. .—----- -..—— .—-- —-— ---
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Whenthisassumptionandthepreviouslydevelopedexpressionsfor &xB
and C are used,theincrementalloadtakesthefollowingform:‘

(1
{[
log1 (1 (1 1}‘T); d +

1.0
5 1[0.8

,-(1..)~~:-5(g)’ -j{(4+&)logE -

u )[0.8(1-T) - 4+A log1 -
I.-1

0.8(1 - q +

t

(5++h+- (,- q -

(8)

Theincrementalliftmaybe expressedincoefficientformandinterms
ofthenondimensionalgeometricparametersofthewingthroughuseof
thefollowingrelations:

,,

i’

~ —.—. —-—— .-—— - ..— — ,_ —.. —-—--—————— —- —--
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a

and

. ‘1“r _
s l+A

Thesubstitutionoftheserelationshipsinto
rearrangementgives

equation(8)andsubsequent

(9)

Theexpressionswithintheintegralsontheright-handsideof
equation(9)areproportionaltothevariationalongthespanofthe
changeinliftduetowingbending.Typicalspanwisevariationsofthe
changeinliftproducedbywingbendingareplottedinfigure6 for
variousplan-formandthicknesstaperratios.Noteagainthatthecom-
parisonoftaperratiosisforwingshavingthesamestressratherthan
thesamestructuralweight.Thesumoftheintegralsontheright-hand
sideofequation(9),whichisusedhereinindeterminingthechangein
lift,isdefinedas fl(kjT).Thevaluesofthisfunctionareplotted
againstplan-formtaperratioinfigure7 for T = 1.0 and T = 0.5.

I \

-.. -. —... . ... . ..— .—-— ..— .—. -- .-.. ._ —.._——._ .. ---— —-—— ——.-— -.. —----- -— --- —---- “---— -
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b

Solution
yields

of equation(9)fortheratioofaverageloadingto stress

.

P IiG/s—=— =
a u/n

(cI&fl(~,T)tan,
@
ETav

Substitutionofthisexpressionintoequation(“5)relatesa parameter,
definedhereinasthe“incrementalliftpsrsmeter,”totheweightparam-
eter,thatis,

Thisexpressionisinthesameformastherelationbetweenthestress
parameterandtheweightparameter.Therefore,theincrementallift
parametermayalsobe consideredtheabscissaoftheplotsshownin
-figure4. Withinthelimitationsoftheanalysis,thecurvesoffig-
ure4 thereforecanbe usedto determinethewingstructuralweightfor I
a givenlossinliftduetowingbendingandviceversa.

Thelift-cumeslopeoftheflexiblewingmaybe expressedinterms e
of &LICL (seeeq.9) andthelift-curveslopeoftherigidwing.For
theflexiblewing

~ ‘ (Q.&@

Fortheflexiblewingtheliftequalstheliftoftherigidwingplus
thechangein
tiveangleof

Thepreceding

liftduetobending(negativefor
attack)

twoequationscanbe combinedand

sweptbackwings-atposi-

AL

rearrangedto give

INotethat ML CL initselfisa functionof
()c% R“ (Seeeq.(10).)

(m ,

,.

_—_— —. .. . . .—. _.. ..__. ——— — __ _- ._. . . . . .———— -—--- .,—.—
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,.

.

Theincrementalpitchingmomentassociated~th theangle-of-attack c
changesduetobendingmaybe”writtenirithefollowingform:

where(seefig.1)

d=~tanA-ytanA

Inspanwisecoordinates

Y 11+2L—=.
s 31+L

and

.

(12)

Whenthisexpressionfor d andtheexpressionspreviouslypresented

()
for ~1 CLaB,ad c aresubstitutedintothepitching-moment

equation(eq.12),theformoftheequationis

[ 1} J(1“011+2X )[10gl-(1-T): d:+5 _—-– yl-(l-
0.831+A e %@- ‘(:)2-3{’+

5
)[ 1-(~ log1 - 0.8(1 - T) )[4+&

T-
log1-

( 7+$-@l-
0.8(1-k]+ 5-

(u)

.-..-—- —..—–— —.— .— —__ ..—. .— .—. .—. -——— -— .. . .. . ... —— —- - —— -
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Inorderto expressequation(13)incoefficientformandintermsof
nondimensionalgeometric.parametersofthewing,thefollowingrelations
areused: .

Whentheserelationshipsaresubstitutedintoequation(13)and-the
resultingequationisrearranged,thefollowingexpressionisobtained:

ACmPETav—.— —
CL uqA2

)[:1-(1-

1

()CLRtanytmA

1{ [x): logl -(l-

10.8

(
3 (1+X)2 1+T11+2k= —— — -

0 fil+x+X.2T-A31+ A

%l-’”+“-T):‘:+1}

J’1“015 (1+ A.)2 (1+T11+2k——
)[ 1[-:1- (1- Q;8~- S0.8 ‘l+k+k2T-X31+ h

5(:)2 - ~{~ + fi)l%~~ 0.8,1- T] - (k+ ~) log~ -

0.8(1 -
1 ( fi),og~-(1-q-

x) +.5+

(5+~)10f&(l-T): ‘d:1}
(14)

t

Theexpressionswithintheintegralsontheright-handsideof
equation(14)areproportionaltothevariationalongthespanofthe

●

———... . .———— .. ..-— —..—- -——-—-— —... .-———.
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incrementalpitchingmomentduetowingbending.Typicalspanwise
variationsofthepitchingmomentsproducedbywingbendingareplotted
infigure8 forvarious’plan-formandthicknesstaperratios.The
effectof’taperratioshownappliestowingsof constantstress.The
sumoftheinte~alsontheright-handsideof equation(14),whichis
usedhereintodeterminethepitchingmomentproducedbywingbending,
isdefinedas f2(~,T).Thevaluesofthisfunctionareplottedin ‘
figure7 againstplan-formtaperratio.

Solutionofequation(14)fortheratioof incremental
stressyields

w~/s (‘)
C~Rtan7tanAqA2

:===
.— fp(&T)

~~cL E Tav

Substitutionofthisexpressionintoequation(~)relates-a
definedhereinasthe“incrementalmomentparameter”to the
parameter;thatis,

.

w *112

.[

A4—— = f 1 ——
s3/2waoTav ()~lCL E?.Tav3c~ R

Thisexpressionisinthe
andtheweightparbeter;
mayalsobe considereda;

loadingto

parameter
weight

tan7 tanA f2(X,~)
A~ >T (15)

COS27
A

sameformastherelationbetweenthestress
therefore,theincremental.momentparameter
theabscissaoftheplotsshowninfigure4.

Thefactor&mlCL oftheincrementalmomentparameteristheshift
intheaerod&&c centerofthewing(expressedinchordlengths)due
tobending;thatis,

ACm E
—.—

.

Withinthelimitationsofthisanalysisthecurvesoffigure4 therefore
canbeusedtodeterminethewingstructuralweightfora givenallowable
aerod~amic-centershiftandviceversa..

, Becausetheaerod~”amic-centershiftintermsofactualdistance
willvaqywithaspectratiowhentheshiftisexpressedinchordlengths,
forsomepurposesa bettercomparisonisaffordedwhentheshiftis

.

..- —... — - ———— -—.. -— -—--~ —~,—- -.--—. .. . — .-— - -— -—- -- -— -- “ . ..——. _
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expressedintermsof @ (basedonover-allsizeoftheairplane).

Therelationshipbetween&-/? and &–/~ maybe developedfromthe
expression

sothat

41+ A+ X.2Thefunction– isdef~edhereinas
3 (1+ X)2

f3(h) andisplotted

againstplan-formtaperratioinfigure7.

Thelocationofthecenterofpressureofthechangeinloadpro-
ducedbywingbendingisanotherparameterusefulforthestudyofthe
effectsofwingbendingonthelongitudinalstabilityof a complete
airplane.Thestreamwiselocationofthiscenterofpressureexpressed
inchordlengthsfromtheaerodynamiccenteroftherigidwingis
ACmlfK!Lwhichfroma combinationof equations(9)and(14)canbe
expressedasfollows:

f% fz(~,T )
—= AtanA’
ML fl(h,T)

\ fz(&T )
Theratio isplottedinfigure7 asa functionofplan-form

f@T)
taperratioforthiclmesstaperratiosof 1.0and0.5. Whentheaero-
dynamiccenteroftherigidwingisassumedtobe locatedatone-quarter
of itsmeanaerodynamicchord,theexpressionforthecenterofpressure
ofthechangeinloadis

(’CP)AL
.

f2(k,T)
. -0.25+ A tanA. (16)F fl(~,T)

—e——- -—— — — . . .-.—— —.. —.— —-— .—-—. ———- . ..— _—— —— - — .— — —. ——
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Effectsofwingtorsion.- Thevariation
ofa wingalongitsspanmaybe expressedin

Thetwistingmomentmaybe expressedas

‘~=J’p(c’)2edy’

,Js’c=(c’r)2 , pe 1- (1

When.a constantloadinganda constantvalue

ofthetorsionaldeflection
thefollowingform:

2
T’CtJ

I

of e alongthespan
assumed,theintegrationof equation(18)yields

—

.

[

l+x+a,2 (My~ =pe(C’r)2S1 j - $+ (1 - h)(~)2- j ()]

(17)

(18)

are

(19)

Fora constantloadingconditionthebendingmomentmaybe expressed
as (seeexpressionfor ~ followingeq.1):

Dividing
twisting

[ ()]~y3
%’pc’r~s’)21~2A-*~+~(~~- ~~ . (20)

equation(19)by equation(20)to obtaintheratioofthe
momenttobendingmomentgivesthefollowingexpression

[

l+”A +X.2 Y2-(1-x)2~3
& ec’ ()

:+ (1 - h) ~-—
3 ()13s—.

[

(21)
% + _—-l+2?b

()
l+ AY+ly2 l-hy3

6 2 s ~= ()]6S

.-.. ----- - -.. ——— . —-. -——— —-——— --- - ._._—__—— .-— .- -.—- .---.----——-- ----
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Intheanalysisoftheeffectsoftorsiononlywingswithconstantthick-
nessratio (T= 1) areconsidered.Whenthisassumptionof constant
thicknessratioismab, equation(2J-)iSsubstitutedintoequation(17)
andtheresultisrearrangedandintegrated,thetorsionaldeflection
maybe expressedas

/t3r [1+X+X.2 y2_(I-N2:3
9TG: cOS y ():+(l-L)=-—

3 3 ()1 d; (22)
2ue =

[
l.-(l- 1[.

1+2LL): —- l+ky

() ()]

~y2 l-~y3
o 6

—F+——-— —
2 2s 6S

Forthecaseof zerotaperratio,equation(22)simplifiesto ,

()=-210gel-g (23)

Thetorsionaldeflectionisrelatedtotheangleof attackduetotwist
by

e %=—
Cos7

Substitutingequation(24)intoequation(23)gives

4TG :

()
=-410gel-:

Ge

(24)

(25)

Theangle-of-attackchangeduetobending,~ for 0<:< 0.8,

isgivenby equation(T(a)).Substitutingk= O intoequation(7’(a))
givesthefollowingequation:

(26)

r

—-. — —..—. -- ——- — _—___ .---———— -- —
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Dividingequation(25)by equation(26) andsolvingfortheratioof
angle-of-attackchangeduetotorsiontotheangle-of-attackchangedue
tobendingyields

%’ 8Ee—=.
%“ AGJpu

Similarcomputationsfor X = 1.0 and T = 1.0 give

RESULTSANDDISCUSSION

(27)

(28)

Comparisonofeffectsofwingbendingandwingtorsion.-An exami-
nationofequations(27)and (28) showsthattheratiooftheangle-of-
attackchangesdueto torsiontothoseduetobendingareinversely
proportionaltotheaspectratioandthetangentoftheangleof sweep-
back.Theover-allvariationwithsweepbackwouldbe approximatelyin
inverseproportiontotheangleofsweepbackforsmallangles,butthe
angle-of-attackratiowoulddecreaserapidlyat largeanglesofsweep-
back.Theseequationsalsoindicatethattheangle-of-attackchange
duetotorsionaldeflectionsalwaysopposesthoseduetobendingwhen-
everthecenterofpressureisaheadoftheelasticaxis.Theangle-
of-attackratiofoca plan-formtaperratioof zerois constantalong
thespan;whereasfora taperratioofunitytheratiohasa variatiori
alongthespanfroma valueone-halfthatforzerotaperratioatmid--
spanto infinityatthetip. Thepresenceofthisvalueof infinity
atthetipresultsfromthefactthatthestresswasassumedtoremain
constantouttothetipwhenthetorsionaldeflectionswereconsidered.
(Seeeq.23.) As waspointedoutpreviouslyinthepractic(i.lcasethe
bendingstresswoulddecreasenearthetipto zeroatthetip. Because
ofthisconsideration,theuseof equation(28) shouldbe limitedto
regionsinboardofthe0.8semispanaswasdonewhenbendingdeflection
alonewasconsidered.At the().8-semispanstationthevalueofthe
ratioofchangeinangleofattackwouldbe approximatelythesamefor
theunittaperratioasforzerotaperratio.

Inorderto examinetheactualratiosofangle-of-attackchanges
duetobendingandtorsion,itisnecessarytoknowthevaluesofthe

. . . . .. --- -.-—-..--——-.—--———— — -—-———-—- - — _...— —. —. --.— -— —--— -——
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ratiosG/E and J/I. Theratio G/E isaboutthesameforbothsteel .,
andduralumin%d hasa valueof about0.37.TheratioJ/I mayhave
ratherlargevariationsandst’illmaintainadequatestrengthinthewing.
Infact,itistheoreticallypossibletoadjustthetorsionalmomentof

.

inertiaofa wingto obtaincompletecompensationofaeroelasticeffects
ata givenflightcondition(isoclinicism).Inmostcases,however,the
torsionalnmmentofinertiaisdictatedby otherconsiderationssuchas
thoseofflutteror controleffectiveness.

Inorderto investigatetheratioof J/I inherentinanairfoil
sectionhavingthetypeofstructureassumedinthepresentreport,the
torsionalmomentof inertiaofa symmetricparabolic-srcsectionwas
calculatedfromtherelation

4(5)2
J=—

$
ds
T

(29)
.

f

dswhere isa lineintegraltakenaroundthemeanperipheryofthe
7

torsionboxconsistingoftheupperandlowerskinsandtheshearwebs.

Thecontributionoftheareasforwardofthefrontshearweband
backoftherearshearwebto = wasneglectedbecauseitwasrelatively ,
smallandthecontributionoftheshearwebstothelineintegral(thin
airfoilsections)wasalsoneglected.Fortheseconditionsequation(29)
maybewrittenfora symmetricparabolic-arcsectionasfollows:

“where

(30)

-——..——— —— ..—— —-.——.—— - — . ..—-———- - ————— - --——–——
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,.

s1-+?S=c’(1-r) f(x’) d ~
k/c‘ s’

d ‘$

f(x’)
1

2T’C’
loge

.

l’+
k
F.

.

.,

Whentheindicatedsubstitutionsintoequation(30)aremadeand k is
assumedt,obe equalto 0.2’(shearwebslocatedat20-and8&percent
chord),thevalueofthetorsionalmomentofhertiabecomes.

J = 0.803(T’)3(c’)k(r- 2r2+ r3) (31)

!.

Usingtheexpressionfor I previou-slypresented(seeexpressionfol-
lowingeq.1)andsubstitutingfor ~ itsvaluefora symmetric
parabolic-arcsection(0.0386)resultsinthefolltiingexpressionfor
theratioJ/I

Z=3.521- 2r+r2
.,

1 1- 2r+$r2
(32)

Thisratiohassomevariationwithskin-thichessratiobutthevaria-
tionisslightexceptwhenthesectionapproachessolidity;thevalue
0$ J/I fortheassumedsectionisabout3.5. Thisvalueisreasonably
typicalofvaluesexistingforactualwingsections.

Whenthevalueof J/I (3.5) andthevalueof G/E previously
discussed(0.37)areused,equations(2i’)and(28) maybewritten

*
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3
for h = O,

@ 6.2e—=.
zlu~ A tan7

andfor h = l.OJ

f% ‘01’04+)e—=
y/s A tan7

(33)

(34)

The.valuesof e fora sweptbackwingarenotconstantalongthespan,
buttheaveragevalueprobablyrangesfroma maximumpositivevalueof
about0.25at subsonicspeedsto smallpositiveornegativevaluesat
supersonicspeeds.By assuminga conservativevaluefor e of 0.25,
theratioofangleofattackduetotorsiontothatduetobendinghas
beenplottedinfigure9 asa functionoftaperratioandsweepangle.
Thisfigureshowsthat,foranangleofsweepbackoftheelasticsxis
of 45°andanaspectratioof4,theratioofangle-of-attackchangedue
totorsiontothatduetobendingwouldbe about-0.38forthezero-
taper-ratiocase.Reducingtheaspectratioto 2 resultsinthisvalue
beingdoubledandreducing-thesweepbackangleto 22.5°hasa somewhat
greatereffect.Conversely,doublingtheaspectratioto8 wouldhalve
thisvalue,whereasincreasingthesweepbackahglewouldreducethis
valuemuchmorerapidly.As mentionedpreviously,thevaluesofthe
ratiofortheconstant-chordcaseareone-halfthevalueforthezero-
taper-ratiocaseattherootandaboutthesameatthe().8-semispansta-
tion.Thevariationspresentedinfigure9 indicatethat,exceptfor
smallsweepbackangles(theorderof30°)orsmallaspectratios(the
orderof2)orparticularlya combinationofthetwo,theangle-of-attack
changesproducedby torsionaldeflectionsareappreciablylessthanthose
producedbybendingdeflections.Inviewofthisresulttheremainder
ofthispaperisconcernedprimarilywiththeeffectsofwingbending.

Iftheratiooftorsionalmomentof inertiatobendingmomentof
inertiacanbereducedfromthevalueof3.5assumedinthisanalysis,
thecompensatingeffectoftorsionwouldbe increased.Thedistance
betweentheaerodynamiccenterandtheelasticaxisalsoaffectsthe
amountoftorsionalcompensation,and,inmanycases,thisdistancewill
be lessthanthevalueof0.25’chordusedinthepresentanalysis.A
reductioninthisvaluetendstoreducethecompensatingeffectoftorsion.

Generaleffectsofwingbending.-Theeffectofwingstructural
parameters,winggeometricparameters)andflightcon~tionontherela-
tionbetweenthestructuralweightofa wingandaeroelasticeffects
dependentonwingbendingstiffnessmaybe examinedthroughuseof
figure4.

___ _—__ ——- ——-- -——--—— —._ _—— .—— —.— .—.— .———.. .—. .— .—.
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Thestructural-weightparameter,theordinateoffigure4,indi-
catesthattheweightofa wingvariesasthecubeofa lineardimen-

(sion oras S3/2).Thisvariationisthetypeobtainedwithgeometri-
callysimilarstructures.Thestructural-weightvariationwithsize
foractualwingsisfoundtobe slightlylessthanthecubicrelation
becausetheefficiencyofwingstructuresincreasewithincreasein
size,at leastup to a certainpoint.Theseactualvariations,however,
arenotreducedfromthecubicvaTiationa sufficientamounttoprevent
theweightofwingsdesignedto a givenstressfrombecomingprohibitive
astheirsizeisincreased.Thereasonthattheweightbecomesprohibi-
tiveisthatthelift-producingcapabilitiesofa wingincreaseonlyas
thesquareofa lineardimension.Inorderto circumventthisdiffi-
cultywhenthestructuraldesignofwingsisdictatedprimarilyby
stressconsiderations,designerstendtoreducetheallowableloadfac-
torasairplanesbecomelarger;thus,thetendencyfortheweightto
increaseisretarded.Whenfactorssuchas aerodynamic-centershift
duetowingbendingarea consideration,suchanalternativeisnot
affordedthedesignerbecausethereisnoreasonto expectthatthe
aerodynamic-centershiftmaybe reducedsignificantlyastheairplane,
sizeincreases.

Thestressprametershowninfiguxe4 indicatesthattheallowable
stressrelativetothedensityofthestructuralmaterialisa primary
considerationinselectionofthematerialwhenthewingstructural
designisdictatedby strengthalone.Whenstiffnessgovernsa design,
however,theincrementalmomentandliftparametersshowninfigure4
indicatethatthemodulusof elasticityofthestructuralmaterialrela-
tiveto itsdensityalsowouldbe a primaryconsideration.

Theincrementalliftandmomentparametersshowthat,asfarasthe
effectofflightconditionon aeroelasticeffectsisconcerned,dynamic
pressureistheprimaryvariable.Machnumberhasonlyan indirect
effectonaeroelasticphenomena.Chamgesinl&chnumberproducechanges
intheincrementalliftormomentparametersthroughtheeffectofMach
numberonthelift-curveslopeofthewing. Therelationbetweenthe
lift-curveslopeandtheMachnuniber,aspectratio,andsweepangle
assumedforuseintheexamplespresentedhereinisgivenby the
expression

‘k=&+:7(

cosA

where M istheMachnumber.Thisexpressionisthatgiveninrefer-
ence5 withtheadditionofthePrandtl-Glaueticorrectionforcompres-
sibilitywhichhas@eenappliedtothetwo-dimensio~lift-curveslope.
Theformulagivesvaiuesoflift-curveslopeinreasonableagreementwith
thosedeterminedexperimentally.A morerigorousdeterminationofliTt-

. curveslopefroma simplifiedlifting-stiacetheorycanbe obtained
throughuseofreference6.

,

— — -.—— .. ... .... . ,.—. — - . —-——--- .- .--—. .-



.

30 NACATN ~01

Thestress,incrementallift,andincrementalmomentparameters
revealthatthestrengthandstiffnesscharacteristicsofa wingare
stronglyaffectedby itsexternalgeometry.Increaseinaspectratio,
sweepangle,ordecreaseinsectionthicknessratiocausedrapid(high
order)increasesinstressandevenmorerapidincreasesinaeroelastic
effects.Inadditionto the.directeffectsofaspectratioontheparam-
eterspre~entedinfigure4,thelift-curveslopeisaffectedby aspect
ratio.Theeffectofanincreasein~spectratioonthewinglift-
curveslopeisina directionto increaseaeroelasticeffects,and
theeffectofan increasein sweepangleonthewinglift-curveslope
is ina directionto decreaseaeroelasticeffects.Althoughthe
areaandmomentof inertiaoftheatifoilsectionappearsintheparam-
eterpresentedinfigure4,theeffectsofthegeometryoftheairfoil
sectionaregenerallysmallbecauseofthelimitedvariationofairfoil
shapeswhichprovidesatisfactoryaerodynamiccharacteristics.The
variationsinnondimensionalmomentofinertia10 ofairfoilsections
arelargerthanvariationsinnondimensionalarea ~ butaremuchless
significantthantheeffectsofvariationsinthethicknessratioof
thesesectionsortheplan-formgeometryofthewing.

Effectsofwingexternalgeometry.-Inordertoprovidea better
illustrationofthemannerinwhichvariousgeometricpropertiesofa
wingaffectitsstrengthanditsaeroelasticcharacteristics,thechsrts
presentedinfigures4 and7 havebeenusedto calculatethestress
per g normalacceleration,theratiobetweenlift-curveslopesofthe
flexibleandrigidwing,andtheaerodynamic-centershiftduetobending
(intermsofbothchordlengthsand ~ fora seriesofduraluminwings

,.

flyingata Machnumberof 0.9atanaltittieof 30,000feet.Allthe
wingshavesymmetricparabolic-arcsections,a structuralweighttypical,,
of currentpractice(W/S3/2. 0.2),a plan-formtaperratioof 0.5,and
novariationinsectionthicknessratioalongthespan.Wingsforwhich
thechangein.liftduetobendingwasgreaterthanhalftheliftremaining

( Q
-cF

onthedisto@edwing
(%)

<; werenotincluded& thesecalculations
c

R
becauselimitationsimposedby theassumptionswed inthepresentanalysis
donotwarrantsuchcalculations.Theprecedingvaluewasselectedasa
limitbecausea studyindicatedthat,forthecaseswherelossesinlift
arelargerthanthisvalue,thevariationinloaddistributionfromthe
assumeduniformtypewould,insomecases,bemoreetiremethantheones
investigatedintheappendix.As preciouslystatedin“Assumptionsand
LimitationsofAnalyses”theseinvestigatedvariations‘fromtheassumed
loaddistributionhaveonlya secondsryeffectonthepredictedchange
inliftbetweentheflexibleandtherigidwing.WhennotWted by
theforegoingrestriction,calculationsweremadeforaspectratiosup
to 10andsweepanglesupto 65°.

..—— ————. -—. ___ _—. ——.——. ——— .-
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Theresultsofthecalculationsforthisfamilyofwingsaresum-
marizedinfigure10wherethecomputedstress’andaeroelasticparam-
etersareplottedagainstsweepbackanglefor”variousaspectratiosand
sectionthicknessratios.Thestressper g isplottedintheform
shownbecausethestressisdeterminedby themagnitudeoftheloading
W@l/sratherthanby theaccelerationalone.Theeffectofsuchvaria-
tionsisshownsubsequently.

.
Forwingstructuralweightstypicalofcurrentpractice,thevaria-

tionsshowninfigure10indicatethatfora verylowthicbessratio
(T= O.04)onlylowaspectratios(theorderof2)areusableforswept
wings,andthenbothstressandaeroelasticeffectswillbe important
at largesweepangles(theorderof 600).Mbderatethiclmessratios
(T= O.08)apparentlycanbe usedinconjunctionwithmode~ateaspect
ratios(upto roughly6)atsmallanglesofsweepback(about30?), but
theusablerangeofaspectratiosdecreasesrapidlyastheangleofsweep
increases.Witha thicknessratiomoretypicalof currentpractice
(T= O.I-2)fairlyhighaspectratios(oftheorderof8) arepossible
withsmallamountsof sweepback(about30°)butlowaspectratiosappear
necessaryiflargeamountsof sweeparedesired.

As mentionedpreviously,thechartspresentedinfigure4 were
obtainedfromconsiderationsofwingbendingalone;therefore,the
variationspresentedinfigure10andsubsequentfiguresdonotinclude
theeffectsoftorsion.Theextenttowhichtorsionaldistotiionwill
modifythetrendsshownmaybe judgedby referenceto figure9 orto
equations(27)and (28), whichdefinetheratioofthechangeinangle
ofattackduetotorsiontothechangeinangleofattackduetobending.
Theequationsratherthanfigure9 shouldbeusedwhenthevaluesof
J/I or e differsignificantlyfromthoseonwhichfigure9 isbased.
Correlationofthetrendspresentedinfigure10andtheeffectsindi-
catedby figure9 leadstotheconclusionthat,wheneverthelossinlift
or shiftinwingaerodynamic,centerproducedBy‘wingbendingbecomes
large,thepercentagealleviationaffordedby torsionaldistortionis
usuallynotgreat.Forexample,ifwingswithsweepanglesgreater
than30°areconsidered,wingswithcombinationsofaspectratio,thick-
nessratio,andsweepwhichareshownby figure10toresultinaerodynamic-
centershiftsof10percentor greaterduetowingbendingwould.inno
casehavemorethanhalfoftheshiftcompensatedby torsionaldistortion
and,inmostcases,thecompensationwouldbemuchlessthanthisvalue.
It shouldbe rememberedthatthestressandaeroelasticeffectscould -
alsobe alleviatedsomewhatfromthosepresentedthroughuseofa higher
taperratioorwingstructuralweight.

As indicatedbythevariationsshowninfigure10,increasesin
eitheraspectratioor sweepangleproducemuchlargerpercentage
increasesinaerodynamic-centershiftduetobendingthaninstress.
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Thisresultshowsthatflexibility(intermsof itseffecton longi-
tudinalstability)tendstobecomemoresignificantrelativeto stress
athighaspectratiosandsweepangles.

Resultsarepresentedinfigure11fora familyofwingssimilar
tothatpresentedinfigure10butthethicknessratioofwhichwas
heldconstantat0.08andtheplan-formtaperratioofwhichwasvaried.
Thecomputedstressandaeroelasticparametersareplottedinfigure11
againstaspectratioforvariousvaluesofsweepangle“andplan-form
taperratio.Theseresultsindicatethatforconstant-chordwings
aeroelasticeffectsareappreciableforallbutfairly1017aspect
ratios.Decreasingthetaperratioresultsina significantincrease
inthecombinationsofaspectratioandsweepbackwhichwillnotexceed
givenvaluesoftheaeroelasticparameters.

Themannerinwhichplan-formtaperratioaffectstherelative
importanceof stressandthetwoaeroelasticeffectsconsideredherein
maybe investigatedthroughreferencetofigure7. Thefunctionfl(A,T)
exhibitsa continuousincreasewithincreaseintaperratio.Sincethis
functionappearsintheincrementalliftparameterbutnotinthestress
parameters(seefig.4)a progressivelygreaterlossinliftduetowing
bendingrelativetothestressper g normalaccelerationisindicated.
Correspondingly,thefunctionfz(X,T) whichappearsonlyintheincre-
mentalmomentparameterhasa rapidincreaseup to a taperratioof004
butlittlechangethereafter.(Seefig.7.) Thisvariationmeansthat
theaerodynamic-centershiftduetowingbendingbecomesincreasingly
largerrelativetothestressper g withincreaseintaperratioat
smalltaperratiosbutthereislittlech~e withfurtherincreasein
taperratios.Thevariationoftheratio f2(A,7)/fl(X,T)indicates
therelativeimportanceofaerodynamic-centershiftandlossinliftas
aeroelasticeffects.Thus,themagnitudeoftheaerodynamic-center
shiftrelativeto lossinliftincreaseswithincreaseintaperratio
up to a taperratioofabout0.25butthendecreaseswithfurtherincrease
intaperratio.Therelativemagnitudeofthesetwoaeroelasticphenomena
maybe importantinestablishingtheover-alleffectofaeroelasticityon
thelongitudinalstabilityofanairplanewitha horizontaltail.This
pointisdiscussedsubsequently.

Theeffectofa linearvariationinthicknessratioalongthespan
is indicatedinfigure12YTheJ33thecomputedstressandaeroelastic
parametersareplottedagainstangleofsweepbackforvaluesof T
equalto 0.5and1.0. Thewingsusedinthisexamplehavethesame
sectionandstructuralweight,operatedunderthesameflightcondition,
andusedthesamestructuralmaterialasthepreviousexamples.These
wingshaveanaspectratioof 4,a symmetricparabolic-arcsection,and
theaverageoftherootandtipsectionthicknessratioswas0.08.

*
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A linearreductioninthicknessratio’toa valueatthetipof
one-halfthatattheroot,as showninfigure12,reducesthestress
andaeroelasticeffectsby a smallamountoverthosewhichoccurfor
thewingwitha constantthicknessratio.Whetheradvantagecouldbe
takenof sucha modificationwoulddependuponitseffectonother
contributingfactorsinthewingselectionsuchashag. Reference
tothevariationsin fl(X,T),f2(LjT))and f2(&T)/f@T) tifig-
ure7 indicatesthattaperingthethicknessratioproduceda somewhat
smallerratiooflossinliftto thestressper g normalacceleration
thanoccurredfortheconstant-thickness-ratiocaseanda slightly
largerratioofaerodynamic-centershiftduetobendingto stressper g
normalaccelerationthanoccurredfortheconstant-thickness-ratiocase.
Theshiftinaerodynamiccenterrelativetotheloss-inliftisl~ger ,
thanfortheconstant-thictiess-ratiocase.

Effectofwingstructuralweight.-Theeffectof changingthewing
structuralweightisshowninfigure13. Theduraluminwingsassumed
inthisexamplehadanaspectratioof4,a constamtthicknessratio
of 0.08,a plan-formtaperratioof0.5,a symmetricparabolic-arcsec-
tion,andoperatedatthesameflightconditionsas inpreviousexamples.
Themagnitudes‘ofthestressoraeroelasticeffectsareapproximatelyin
inverseproportiontothestructuralweightfortherangeofstructural
weightspresented.Forhigherstructuralweights,thesevariations
wouldbe lessbecausethewingsapproacha solidcondition,andthe
increasedstructuresffordedby theincreaseinweightmustbe added
nearertheelasticaxiswhereitdoesnotcontributeappreciablytothe
strengthandstiffnessofthewing.

Effectofstructuralmaterial.-Theeffectofthechoiceof steel
orduraluminasa structuralmaterialisshowninfigure14. Theexample
wingandtheflightconditionare-thesameas-thoseconsideredinthe
precedingsectionandthevalueof W/S3/2selectedwas().2.As maybe
seenfromfigure14,verylittlechoicecanbemadebetweenthese
materialsasfarasaeroelasticconsiderationsareconcerned,although
duraluminisusuallyconsideredsuperioronthestress-weightbasis.
Thisresultwithrespectto aeroelasticeffectsisduetothefactthat
theincreaseddensityofsteeloverduraluminisoffsetby analmost
proportionalincreaseinmodulusof elasticity.Actually,a superiority
of steelwingsoverduraltinwingsisindicatedonthebasisofaero-
elasticconsiderationswhentheduraluminwingapproachessolidity
becausethesteelwingofthesameweightwouldstillbe relatively
hollowandthereforemoreefficientstructurally.

Effectofflightcondition.-Theeffectofchangesin-flightcondi-
tionisshowninfigure15. Theduraluminwingsassumedinthisexample
hadanaspectratioof 4,a constantthicknessratioof 0~08,a plan-
formtaperratioof0.5,a symmetricparabolic-arcsection,anda

.
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structuralweightcorrespondingto a valueof w/s3/2of0.2. Thecom-
putedstressandaeroelasticparametersareplottedagainstangleof
sweepback.Thecurvesshowninfigure15 areforthreeflightcondi-
tions. Thebasiccurveisfortheconditionusedinpretiousexamples,
a Machnumberof0.90atanaltitudeof30,000’feet.A secondcurve
showstheeffectofa reductioninaltittieto sealevelwhilemain-
tainingthesameairspeed,anda thirdcurveshowstheeffectofa
speedchang$atan altitudeof30,000feetcorrespondingto a reduction
inkh numberfrom0.90to 0.75.Theupperplotonfigure1.5indicates
thatthereareno effectsonthestressper g normalacceleration
becauseinthemethodofanalysisno accountwastakenoftheeffecton
thestressoftheinboard.shiftofthecenterofpressuredueto aero-
elasticity.b mostcases,thiseffectwou.ldbesmall.Thelarge
increaseinaeroelasticeffectsdueto a decreaseinaltituderesults
fromthechangeindynamicpressureassociatedwiththeincreased
density.ThedecreaseinWch numberhada slighteffectforthesea-
levelcondition.Thiseffectismanifestedby a reductioninlift-curve
slopeandisrelievinginnature,as indicatedby theequationfor c~
presentedpreviously.Thefigurealsoindicatesa relativelylarge
decreaseinaeroelasticeffectsfora smalldecreaseinairspeed.Again
thisreductionprimarilyreflectsa decreaseindynamicpressure.A
secondaryeffectresultsfromreductioninlift-curveslopethrough
reductioninMachnuniber.

Effectofinertialoading.-No detaileddiscussioncanbe presented
astotheeffectsoftheinertiaofthewingonaeroelasticphenomena.
Theseeffectscannotbe generalizedinthattheydependonthedistri-
butionofwingweightwhichcanhaveextremelywidevariationsdue,for
example,tothepresenceof concentratedmassesthatdonotcontribute
to thestructuralstrength.Theinertiaofthewing,however,does
producea relievingeffectinmaneuverswhichmaybe illustratedby
assumingthatthetotalwingweightisuniformlydistributedalongthe
span(thesameassumptionasfortheaerodynamicloading).Underthese
conditionstheinertialoadingpi isgivenby

Wwn
Pi=-~

andtheaerodynamicloadingpa isgivenby

WGn
Pa=~

.

——— _ . ——.—— ————._— __ ..—.—.————-.-. —..__ ._. _ _. _.. __



,

I

NACA

The

TN 2901

totalloadingthenis

()WGn Ww
P=~l-— w~

()w~
=c~ql-~’

G
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Formostairplaneshavinga fuselageandrelativelythinwingsw#~G
issmallcomparedto&ty. Thisconditiongaverisetotheassumption’
usedhereinthatonlytheaerodynamicloading(firstterminthefore-
goingequation)be consideredinthepresentanalysis.Theforegoing
equationshows,-as iswell-known,thatthewingweighttendstoreduce
theloadingwhichproducestheaeroelasticdistortion.Incaseswhere
theweightcontainedwithinthewingsislargecomparedwiththegross .
weight(theflyingwing,forexsmple),thisrelievingeffectwouldbe
extremelybeneficial.Advantagemaybe takenof correspondingeffects
of concentratedloadsthroughjudiciouslocationof enginenacellesand
externalstores. .

Effectsinvolvirigthecompleteairplane.-‘Thepreviousdiscussion
hasbeenconcernedwiththeeffectsofaeroelasticityonthewingitself.
Whentheover-alleffectstobe expectedonanairplanewitha horizontal
tailareconsidered,furtherdiscussionisappropriate.Theresults
obtainedhereinfora wingcanbe appliedto a horizontaltailaswellj
butothereffectsonthecompleteairplane,suchasbendingofthefuse-
lageortheinductioneffectscausedby thedownwashchangesatthetail
producedby wingdistortion,cannotbe analyzedby thepresentmethod.
Theselattereffectsareusuallysmallerthantheeffectscausedby
distortionofthewingandtail,however,andthediscussionisthus
confinedtothesetwocomponents.Effectsof.bothhorizontal-tailand
fuselageflexibilityonlongitudinalcontrolareconsideredinrefer-
ence7 andsimilareffectsonlongitudinalstabilityarealsoconsidered
briefly.

Thewing-aerodynamic-centershiftcausedby aeroelasticeffects
directlyreflectsa changeinthelongitudinalstabilityofa flying-
wingairplane.Thechangeinthelongitudinalstabilityofanairplane
witha horizontaltailis inturnrelatedto a shiftinthepointfor
neutralstabilitywithrespectto angleofattack.Thisneutralpoint ~
isnotonlyaffectedby thewing-aerodynamic-centershiftbutalso.by
otherfactors.Thisconditionmaybeseenfromthefollowingequation
whichexpressesthisshift

_. .. . .. . . .- .-—_.—— —— ..—. —-—-- .———-— — - —-—.—
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Thepertinentassumptionsmadeinderivingtheforegoingexpressionare
thattheaerodynamic-centershiftduetowingbendingA–/F isthesame
?orthewing-bodycombinationasforthewingalone,thatthedistance
betweenthepointforneutralstabilityandthetailcenterofpres-
sure z isthesamefortherigidairplaneandtheflexibleairPlane,
andthatthevariationofdownwashangleatthetailwithangleofattack
de/da isnotaffectedby thewingdistortion.Thisequationshowsthat
theneutral-pointshiftisdependentona terminvolvingtheeffectof
flexibilityonthelift-curveslopesofthewingandhorizontaltailas
wellasa \erminvolving

Forthecasewhere

(aconditionwhichmight
andtail),theforegoing
isthesameastheshift

theshif~inaerodynamiccenterofthewing.

(c%)l?/~+)R‘s ‘qua,to ~%)F/fc%)R
conceivablybe calledequalflexibilityofwing
equationshowsthattheshiftinneutralpoint
intheaerodynamiccenterofthewing. Forthe

casewhere
F%)F1r@)R

is~eaterthan
(c%) F/(c@)R ‘the‘ai’

effectivelystifferthanthewing),thesecondtermintheforegoing
equationbecomesnegativeandtendsto compensateforthepositiveshift
inwingaerodynamiccenterproducedby aeroelasticdistortion.Presum-
ably,ifsucha conditionexists,itshouldbe possibleto adjustsuch
factorsas St/S or 2/F untilthewing-aerodynamic-centershiftis
completelycompensated.Thephysicalinterpretationoftheconditionis
thatthewingwouldbe sopositionedonthefuselagethatthecenterof
pressureofthelossinliftforthecompleteairplanecausedby aero-
elasticactionwouldbe atthepointofneutralstaticstabilityforthe
rigidairplane,andthereforeno shiftinthispointwouldoccurbecause
offlexibility.Generally,itwouldbemorefeasibletokeepthetail
len$ykh2 constantandtoadjustthetailsizetoaccomplishthisend.

Ifthehorizontaltailisassumedtobe rigidthetailsizerequired
forcompletecompensationoftheaeroelasticeffectsconsideredcanbe
obtainedby equatingtheexpressionforthelocationofthecenterof
pressureofthelossinwingliftpreviouslyderived(eq.(16))tothe
expressionforthecenter-of-gravitypositionforneutralstaticsta-
bilityoftherigidairplane.Witha flexibletail,a different

.

,.
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relationwould
inmoredetail
viouslygives

apply,andtheeffectoftailflexibilityisdiscussed
subsequently.Equatingtheexpressionsasstatedpre-

(%)c ()d~qtstl fp(&T)
‘1-———==

\5/wb C R(k)
-0.25+ A tanA

&qsc f~(k,T)

Inorderto expressthevariouslengthsappearinginthisequationin.
termsofa generallengthdimensionratherthanthechord,thefollowing
expressionissubstituted:

Solvingfortheq.rearatiogives

Whenmoreorlesstypicalvaluesfortheparametersinthisequation
areassumed,arearatioshavebeencalculatedforvariousaspectratios
andanglesof sweepback.Thesemea ratiosarepresentedinfigure16.
Theassumedvaluesofthepsmametersareasfollows:

0“25+‘$=0“06
A = 0.5

(%)c
R

(k)CR
= 0.85

6=1“2
dG
% = 0.4

qt_lo
q“
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Thevalueof 0.25~ + ~ istypicalfora wing-fuselagecombination
BE

ratherthanfora wingalone.Thecenterofpressureofthelossin
wingliftisalsopresentedin’figore16 asa functionofaspectratio
andsweepbackangle.

Theresultspresentedinfigure16showthatthetailsizerequired
I

forcompletecompensationofthewingaeroelasticeffectson longitudinal
stabilityincreasessomewhatwithincreaseinaspectratio.Thetail
sizeincreasesmuchmorerapidlywithincreaseinsweepbackangle,par-

1

titularlyatlargesweepbackangles.tigeneral,thetailsizesrequired
I

forthiscompletecompensationwouldappearprohibitiveexceptat small
anglesof sweepback.Usualtail-wingarearatiosareoftheorder
of 0.2andtheaerodynamicefficiencyofan airplaneisknownto decrease
asthesizeofthehorizontaltailincreases.Referenceagaintofig-.
ur.e16 indicatesthatformostconditionsthecenterofpressureofthe \’
lossinwingliftisfurtherbackthantheneutral-pointlocationsfor I
mostairplanes.Locationofthepointforneutralstabilitywithrespect I
to angleofattackusuallyrangesfrom30Eto5~back oftheleading
edgeofthemeanaerodynamicchord.Itdoesnotappear,however,that
rearrangementoftheairplaneconfigurationtoprovidesatisfactorystatic
marginswithextremelyrearwardcenter-of-gravitypositionswouldbepar-
ticularlydifficultfromthestandpointofrearrangingtheweightdis-
tribution;thelargetail-sizerequirementwouldbe themostserious

Thepossibilityforobtainingcompletecompensationappears
J

limitation.
evenmoreremotewhena flexibletailisconsidered.Foranygivenwing
sweepbackangleandaspectratiothetailsizerequiredforcompletecom-
pensationincreasesrapidlywithincreasedtailflexibilityuntil,when
thewingandtailareequallyflexible,no compensationforthewing-
aerodynamic-centershiftispossibleregardlessoftailsize.AS would
be expectedifthehorizontaltailismoreflexiblethanthewing,the
presenceofthetailisdetrimentalfromtheaeroelasticst~dpoint~d
increaseintailsizewouldresultin increased
onthelongitudinalstabilityoftheairplane.
everthehorizontaltailis effectivelystiffer
of compensationisalwaysobtained.

CONCLUSIONS

An analysishasbeenmadeoffactors
theshiftinaerodynamiccenterofa wing
underaerodynamicload.The~~Ysis w=

effectsofaer;elasticity
Ontheotherhand,when-
thanthewing,somedegree

affectingthelossinliftand
producedby thewingbending
appliedto shell-wingstructties

inwhichth~spa.nwisevariationin sld.nthiclmessis ofa characterto
givea constantspanwisestressundera uniformlydistributedload.
Conclusionsobtainedfromtheresultsofthisanalysisareasfollows:
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1.Thegeometricparametersthevaiationsofwhichproducethe
largestchangesintheaeroelasticeffectsconsideredhereinareskpect
ratio,sweepbackangle,andsectionthicknessratio.Basedonthe
weightof currentwingstructures,considerationoftheeffectsofwing
bendingaloneleadsto theconclusionthatforsweptbackwingswithlow
valuesof sectionthicbessratio(0.04)theaeroelasticeffectsare
extremeforallbutlowaspectratios(2)andeventhentheeffectsare
largeforlargeanglesofsweepback(600).Theeffectsofwingflexibility
onthe-longitudinalstabilityofanairplanebecomemoreimportantrela-
tiveto considerationsofwingstressastheaspectratioor sweepback
angleofthewingisincreasedorthethichessratiodecreased. .

2.Theeffectsoftorsionalflexibilityon lossinwingliftand
shiftinaerodynamiccmterwillusuallytendto alleviatetheeffectof
bending,butthealleviationaffordedwillnotbe largeingeneralbecause -
theangle-of-attackchangesduetotorsionwillusuallybe muchsmaller
thanthoseduetobendingexceptforwingswithlowvaluesof sweep,
aspectratio,or,inparticular,a combinationofthetwo.

3.Reducingtheplan-form.taperratioreducestheaeroelasticeffects
considerably.Thereductionintheshiftinaerodynamiccenterresulting
fromdecreaseintaperratioisabotithesameasthereductionin stress
forallbutverylowtaperratioswherethereductionintheshiftofthe
aerodynamiccenterismuchgreaterthanthereductioninstress.The
reductionin lossinliftthroughreductionintaperratio’islargerthan
thereductionin stressforallrangesofplan-formtaperratio:

4.Forwingshavinga constant.etireme-fiberstressalongthespan,
thealterationsinaeroelasticeffectsproducedbyvariationsin section
thicknessratioalongthespanandbypracticalvariations’in,airfoil
shapearesmall.

5. Ofthefactorsdependentonflightcondition,dynamicpressureis
themostimportantfromthestandpointofaeroelasticeffects.Forthe
casesconsidered,Machpumbereffectsexistchieflyinthemannerin
whichthelift-producingeffectivenessofthewingisaltered.

6.An increasei.nwingweightperunitsreawith’increasein size
appearstobemoredifficulttopreventwhenaeroelasticeffectsarean
imp&knt considerationthanwhenstressaloneisa consideratio~For
thetypeof structureconsideredhereinandforanygivenwingmaterial
andexternalgeometry,thelossinliftandaerodynamic-centershiftare
approximatelyin inverseproportiontothestructuralweightexceptwhen
thewingisnearlysolid.Underthelattercondition,theeffectsqf
changesinwingstructuralweightarereduced.

7.Onthebasisoftheaeroelasticeffectsconsidered,there
appearstobe littlechoicebetweensteelandduraluminasa structural
materialexceptforconditionswhentheduraluminwinga~roachessolidity;

. .
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thesteelwingofthesameweightwouldstillbe relativelyhollowand
thereforesuperiorbecauseofitshigherstructuralefficiency.

8. Inmaneuverstheaeroelasticeffectsproducedby theaerodynamic
loadingarealleviatedsomewhatby theinertiaofthewing.

9.Theeffectsoflossinwingliftandshft initsaerodynamic
centeronthestaticlongitudinalstabilityofanairplanewitha hori-
zontaltailaredependentontheflexibilityofthehorizontaltail. If
it isassumedthatthefuselageflexibilityissmallsndthattheeffect
ofwingflexibilityonthevm”iationwithangleofattackofthedownwash
atthetailcanbe neglected,thefollowingconclusionsapply:

(a)Theshiftinwingaerodynamiccenterisapproximatelyequal
totheshiftinthecenter-of-gavitypositionforneutralstability
withrespectto angleofattackwhenthelossinliftofthewingand
tailareequal.

(b)Theshiftinwingaerodynamiccenterisusuallysomewhatgreater
thantheshiftincenter-of-gravitypositionforneutralstabilitywith
respectto angleofattackwhenthelossinliftofthetailisless
thanthatofthewing.

LangleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,

LangleyField,August15,1952.
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APPENDIX
,-

THEEFFECTOFSPANWISEDISTRIBUTIONOFLOADINGONTHE

SPANWISEVARIATIONOFANGIE-OF-ATTACK

CHANGEDUETOBENDING

Inorderto illustratetheeffect~fvariousdistributionsofspan-
wiseloadingontheangleofattackduetobending,twoextremeloading
conditionswereinvestigatedandtheangle-of-attackvariationswere
obtainedandcompsredwiththoseobtainedfora constantloadingcondi-
tionassumedinthepresentreport.Theconditionsinvestigatedare
(1)theloadvarieslinearlyfromroottotip,thetip-chordloading
being>0percentlessthantheroot-chordloading,and(2)theload

“ varieslinearly,thetip-chordloadingbeing50percentgreaterthanthe
root-chordloading.Parametersapplyingtothefirstextreme-loading
conditionaredenotedby thesubscript1;parametersapplyingto the
seco”ndextreme-loadingconditionaredenotedby thesubscript2;and
theparametersapplyingtothe’constantloadingconditionhaveno sub-
script.Forthesecalculationsa constantthicknessratiowasassumed.
Inorderto analyzetheproblem,thefollowingrelationswereusedto
determinetheratiosoftheangle-of-attackchangesalongthespan
(seeexpressionfo~owingeq.6):

&tB=-
dz t

— siny
dy’

where

Theratiosofangle-of-attackchangesarethenfound

(~),Jy”s’‘9d(’%)1 .—=

as

Y’—
St‘

(Al)
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Thestressyatiossreproportionaltotheratiosofthebendingmoment
andare

Sincethewingsweredesignedfora constantspanwisestressforthe
constant-loadingcondition,equation(Al)maybe expressed

fly’/st

Themomentatanyspanwisestationisobtainedfromthefollowing
equation(seeeq.1):

(A3)

where

L“5=“r 1- 1(1- x)+

Whentheindicatedintegration
constant-loadingcasebecomes

isperformed,themomentrelationforthe

.

‘.
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Forthefirstextreme-loadingconditiontheloadingvarieslinearlyfrom
therootchordtotipchordwiththetipsectionloading50 percentless
thantherootsectionloading.Thetotalloadisthesameas forthe
constant-loadingcase.Therelationoftheloadingsisexpressedas

J
=t

Js’
plc‘ dy’=L= .pc‘‘dy’ (A5)

o 0

whereundertheassumedloading~ondition

.

()P1=’K1l-~$ (A6)

Substitutingequation(A6)intoequation(A5)andthenintegratinggives
thefollowingrelation

( 1-AS, 1K1s~_— 1-AS,
st+— )( 1-A6,-—

2 4 6
=ps’-—

2 )

SolutionofthisequationfortheloadingconstantK1 yields

6+6A
K1=,5+4XP (A7)

Whentherelation(A6)issubstitutedintoequation(A3)andtheninte-
grated,themomentml isobtainedforthefirstextreme-loading
condition

11+X
‘1-25+4~

- -—pc’r(s’)
[ ()

2~-(5+4x)~ +6;?

() ()](3-2k):3+M:4 2

c1

(A8)
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Theexpressionsfor WI and ~ weresubstitutedintoequa-

tion(A2)andtheindicatedintegrationperfomnedgraphicallyfortaper
(%)ratiosof zeroandunity.Curvesshowingthevaluesof 1 along
%

thespanforthesetwotaperratiosme presentedinfigure17.

Forthesecondextreme-loadingconditiontheloadingvarieslinearly
andthe~tip-sectionloadingis50percent@eaterthantheroot-section
loading.Therelationoftheloadingisexpressedinequationformas.

J

St “ s’
p2C’dy’=W =

J
pC1dy’

o 0

whereundertheassumedloadingcondition ..

(A9)

I
I

(Ale)

As forthepreviousconditiontheloadingconstantwasdeterminedand
isasfollows:

6+6X.—
‘2-7+8kp

Whentherelation(A1O)issubstitutedintoequation
grated,thebendingmoment%2 isobtainedforthe
ditionof loading

(All)

(A3)andtheninte-
secondextremecon-

0](1- 2L)(:)3-*:4 (A12)

)
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Theexpressionsfor %2 and ~ weresubstitutedintoequa-

tion (A2)(%2,inplaceof MBl)andthe,indicatedintegrationsper–

formedgraphicallyfortaperratiosof zeroandunity.tir=S showing

thevaluesof (%) 2 alongthespanarealsopresentedinfigure17.
hB .

(%)1“ -dThevariationsof —
(%) 2 arenotpresentedoutboardof

&B A%
the0.8-semispanstation.Nearthetipthevariationsobtainedby the
methodusedinthisappendixarenotsignificantbecausetheassumed
loadingandthevariationof skinthiclmessinthisregionsxenot
representativeofthepracticalcase.Theconditionsnearthetipwere
modifiedfortheconstant-loadingcaseusedinthepresentreportin
ordertoaccountfortheseeffects(’seediscussionofangle-of-attack
changeduetobendinginthesectionentitled“MethodofAnalysis”).
If similarmodificationsweremadeforthecasesof extremeloading
consideredhere,thevariationsshownin figure17wouldapproacha con-
stantvalue(zeroslope)atthe’tipforfinitetaperratios.Thecal-
culatedvariationsareconsideredrealisticinboardofthe0.8-semispan
station.Inthisrangethevariationspresentedshowthattheeffect
of loaddistributionis @yeaterforthecaseof zerotaperratiothan
forthecaseofunittaperratioand,aswouldbe expected,isgreater
nearthetipthanneartheroot.Themagnitudeoftheeffectsofthese
alterationsinloaddistributionfromthatassumedinthepresentpaper
(20-to 25-percentchangein kB foroutboardstations)arelarge
enoughto affecttheprecisenessofthequantitativeresultsobtainedby
themethodofanalysisusedinthepresent’reportbutwouldnotappear
to affectthequalitativeresults.
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